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REPORT 1139

CHARTS AND APPROXIMATE FORMULAS FOR THE ESTIMATION OF AEROELASTIC EFFECTS
ON THE LATERAL CONTROL OF SWEPT AND tINSWEPT WINGS 1

By lKEmnmmA. Foss and FEANKLIN W. DmDIIItIOK
$

SUMMARY

Chm?.9and approximde jormuh are prtwnied for the estima-

tion of SWiC aeroeladic e$ecb on the qanwk li$ d&bi.bution,
rohg-moment coew, and Ta& of TOI?+?due to the dej?ectbn
of ai?erchwon swept and umnoeptwings ~ w.bsonti am? super-

sonic speeds. Sonw ok?iqn com?kikra$h brough$out by the
r& of thh report are di.wuw?d.

TM report treai%the W.eral-controlwe in a manner similar
to that employed in NACA Report Ii’@ for tlw symnwtric-
jlighi we and is h%wieo? to bewed in wnjun.i%h wiih NACA
Report 1I@ and th chunk andformu.k prewnted therein.

INTRODUCTION

The lateral control and maneuverability of a wing are
important design considerations. These characteristics may
be aflected to a significant extent by aeroelastic action,
particularly at high dynamic pressures and in the case of
thin wings, swept wings, and wings designed for low- wing
loadings, because the operation of ailerons and spoilers
usually creates aerodynamic forces which deform the wing.

& a result of these defomnations, the angles of attack
along the span often change in such a manner as to produce
lifts which oppose the rolling moment of the aileron or
spoiler; furthermore, these lifts cause additional deforma-
tions which may again reduce the rolling moment, and so on,
wtil equilibrium is reached. Wing flexibility may thus
cause a serious loe9 in the control power; in fact, if the
dynamic pressure of the airstream is suilioiantly high, the
aileron rolling moment may be completely nullified. The
speed and dyuamic pressure at this condition are often re-
ferred to as the aileron reversal speed and reverael dynamic
preswre, because at higher dynamic prekwrea the controls
would have to be reversed in order to roll the airplane.
When wing flexibility causes a loss in latwd control, there is
also usually a loss in the rolling maneuverability, which may
be expressed as the wing-tip helix angle due to rolling and is
affected by changw in both the control power and the damp-
“mgin roll. These aeiwlastic effects on the lateral control
and maneuverability have to be taken into account in the
design of a wing.

Several methods are available for calculating these
effects (ref. 1, for instance), but, since these effects depend

on the structural characteristics of the wing, which are not
accurately known in advance of its design, the relatively
lmge amount of time required for even the most efficient
of these methods militates against their use in connection
with preliminary design calculations. A need fits, there-
fore, for means of edimating quickly some of the more
important aeroelastic effects on lateral control with an
accuracy that is suilkient for preliminary design purposw.

The related problam of estimating static aeroelastic
effects on the magnitude and spanwise distribution of the
lift in symmetric flight has been treated by the charts and
approximate formulas presented in reference 2. The pres-
wt report consists of an extension of the analysis of refer-
ence 2 to the Iaterakontrol case. Ihsmuch as the static
aeroelastic equations are linear, the results presented in
the two reports may be superimposed. Iiw.luded in the
present report are approximate formulas for the edimation
of the static aeroelastic effects on the spanwise lift distri-
bution, rolling moment, and rate of roll due to aileron deflec-
tions on swept and unswept wings at subsonic and supersonic ‘
speeds. Also presented are summary chants which
indicate whether a given’ design is likely to be aflected by
losses in lateral control. By means of these charts and
approximate formulas as well as those of reference 2, the
conve.ntiomd procedure of designing a ,wing on the basis of
certain strength criteria, checking ic for aeroelastic phe-
nomena, and then reinforcing it, when necessary, to meet
the stifbw requirements imposed by these phenomena can
often be simplified greatly, inasmuch as the effect of some of
these phenomena. can be estimated in advance of design.

In order ta keep the length of the report to a minimum
sad to avoid a repetition of much of the material presented
in referenee 2, the present report has been written in such a
manner as to facilitate its joint use with reference 2 rather
thante make it entirelyself-centained. The use of the charta
and approximate formulas pres”sntedherein is described and
the limitations of the charts and the light they shed on some
design problems are discussed. A nnmericd example is
included to illustrate the use of the approximate formulas
of this report. A brief description of the calculations on
wbjch the charts and approximate formulas are based is
contained in the appendix to supplement the more detailed
derivations.in references 1 and 2.

IFrcvkmdyrokmedw NAOA TN 2747.“Chwtsand Approxfn@oFornmkfor the Estfxrmtfonof AawlasMo Effecb on tbe Iatoml Control of Swept and UnsweptWtngd)by
kennetb A. Fm and FranMn W. Dfedwlcb, 1962.
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SYMBOLS

aspect ratio, b~/S
sweptipan aspect ratio, A/cos’ L
location of section aerodynamic center

measured tim leading edge, fraction
of chord

wing span, in.
chord (measured perpendicular to elastic

axis), in.
aileron chord, in.
section Iift+mrve slope per radian
efFective-winglift-curve slope per radian
rolling-momemt inefficient ‘
damping-in-roll derivative
rolling-moment coefficient due to aileron

deflection ‘
location of ohordwise center of pressure

of lift produced by aileron deflection
measured from leading edge, fraction
of chord

dimensiordess sweep parameter, --
(w),
m tana A

You&s modulus of elasticity, lb/sq in.
location of alastic axis meastied i%om

leading edge, fraction of chord
dimensionlessmoment arm of “section lift

about elastic axis, e—a
dimensionlessmoment arm of lift due to

aileron deflection about elastic axis,
cpf-e

root-stifhss function given in equation
(1325)of reference 2

allowable bending sties+ lb/sq in.
dimensionless function of dim%mcealong

span used in approximate formulas for
angle of attack .due to aeroelastic

‘ action of ailerons
modulus of rigidity, lb/sq in.
wing tbiclmc+ in.
section bending moment of inertia, in.’
mass moment of imxtia of entire airplane

about its longitudinal axis, in.’
mass moment of inertia of both wi.qgs

about longitudinal axis of airplane, in.’
section twisting moment of inertia, in.’

K1,K1, . . . K7 dimensionless ~arameters used in approx-
imate formulas for dimensionless dy-
namic pressures- at aileron reverml
given in table I

k dimensionlesssweep parameter,—
\ ‘t (Gflr tm A;

G, m the dimensions

para&et& kle is identical to k except
that e, is replaced by a

1- l.iftpOrUnit distanm dOIlg SpWl, lb~m.
L’w rolling moment on both wings, m-lb
M bending moment about an axis perpen-

diClik to ShStiC axis, in-lb
M. free+tremn Mach number

n

;b/2V
~
!l”

3

s
8

8*

T’

6

v
w
w.

Y.
a

@

r“

6

e
qa~~b

m> . ..?21

A
A
P

P

u

1=

Subscripts:

D’
‘i

o
R.
r
8
t
o

FOR AERONAUTICS

clesign load factor

rolling acceleration, radian+ecz
W@MP heb angle due to roll, radians
dynamic pressure, lb/sq ft
dimensionless dynamic pressure,

cLaet?lCr=8,2 COSA

& (QJ),
; the dimensionless

dynamic pressure .sq* is identical to q*
except that el is replaced by ea

dimensiordeasdynamic pressure,
~ C+s,a sin A

144 (El), .

total wing area, sq in.
distance along elastic axis measured horn

wing root, in.
dimensionless distance along elastio axis,

8/8:

accumulated torque about elastic axis,
in-lb

distributed torque due to inertia loading,
in-lb/in.

airapeed, ft/sec
design gross weight of airplane’,lb
weight of primary structure of both wings,

lb
lateral coordinate, in.
angle of attack in planes parallel to plane

of symmetry, radians
angle of attack equivalent to unit aileron

deflection, radiam
w_@e of local dihedral, radians; or span- ‘

wise slope of normal displacement of
elastic axis

aileron deflection measured in planea
parallel to airstream, radians

moment-mm ratio, fi/el
structural-effectiveness factors defined in

equation (15) of reference 2
structural-effectiveness factora defied in

table 1 of reference 2
angle of sweepback at elastic axis
wing taper ratio, cJc,
density, S@8/CU ft

angle of structural twist in planes
pendicular to elastic ids, radians

(EI),
tip s~~ ‘atio’ (Eat ~unfsin~~

eo#*

per-

unit step.function of distance along span

at divergzwe
at inboard end of aileron; inertia, in

equation (36b)
at outboard end of aileron; except in MO
at aileron reversal
at wing root
structural (due to structural deformation)
at wing tip
rigid wing (for g*=qq*=~=O)
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USE OF THE CHARTS AND APPROXIMATE FORMULAS

SUMMARYOF METEOIl AND SCOPEOF THE CALCULATIONSON WHIOH
TH$ CHAETS AND APPRO~TE FORMULAS ARE BMED

A brief description of the method and scope of the cal-
culations is given here to indicate the limitations of the
charts &d approximate formulas. A detailed description
of the method is given in the appendix.

Most of these calculations were performed by an exten-
sion, based on reference 1, of the matrix method described
in appendix A of reference 2. This method condiati in
solving the differential equations descriptive of an elas-
tically deformed wing under aerodynamic loadings by
numerical methods employing matrix techniques. Treated
by this method were wings with three taper ratios (1, 0.5,
0.2), one aileron configuration (50 percent sqmispan, out-
board), two types of stiffness distributions, several values
of the sweep parameters k and d which include sweptfor-
ward, unswept, and sweptback wings, and several values of
the section moment-arm ratio c and the dynamic-pressure
ratio gJgD. Calculated for each case were the dyn~
pressure at aileron reversal and the changes in the spammse
lift distribution and rolling moment due to aileron deflection.
For the cxmstant-chord-constant-stiilueas wings, calcula-
tions were also performed by an extension of the analytic
method described in appendix A of reference 2, which con-
sists in solving the differential equations WSOtly for these
relatively simple cases; t@se calculations were made for
two aileron spans and several values of the parametem
k, d, e, and gJgD. In all cases the ratio of the aileron chord
to the wing chord was comtant along the span of the aileron.

Some approximations have been made in the calculations
ctmcerning the aerod~amic induction effects, the root
rotations, and the stiffness distribution, primarily in order
to hold the number of variables considered in the analysis
toa minimum and to make the results more generally
applicable.

Aerodynamic induction effects at subsonic speeds are
taken into account by an overall reduction of the strip-
theory loading and, in the matrix calculations, by rounding”
off the strip-theory loading at the tip (see refs. 1 and 2);
for supersonic speeds stip theory is used with a small reduc-
tion at the tip in the matrix calculations. Th.ii approxima-
tion has made it uunecewary to consider explicitly the
effects of aspect ratio, sweep, and Mach number on the
rigid-wing lift distribution; the effects of these paramekxs
on the total lift and on the aeroelastic increment to the lift
distribution have been taken into account.

The rigid-body rotations imparted to a swept wing by its
triangular root portion vary among difhrent designs in a
largely unpredictable manner. They have therefore been
taken into account only by the use of an effective root, the
selection of which in any given case is discussed briefly in FI
subsequent section.

The spanwise distributions of the’ bending and torsional
stiflnemea depend on the detailed design of the wing and
cannot be generalized easily. The stifhms distributions
used in the calculations of aeroelastic effects were obtained
from ‘the constant-stress concept outlined in appendix B of
reference 2, which constitutes tin effort to relate the stiill-

neas of a wing to its strength on the basis of the foll@ng
assumptions:

(1) The combined bending and torsional - stiesses are
constant along the span.

(2) The bending and torsional stresses are eombrned in
suoh a manner that the sum of the ratio of the actual to the
allowable bending stiess and the ratio of the aotual to the
allowable torsion strew is equal to unity when the margin
of safeQ is zero.

(3) The structure is of the thin-skin, stringer-reinforced
shell type and its main features do not vary along the span;
for instance, the number of sparBand their chordwise loca-
tigm are constant along the spin’.

(4 At the design condition the spantie distribution of
the applied loading is proportional to the chord.

Also used in the calculations ware stiifness distributions
whioh vary as the fourth power of the chord, as do those of
solid wings and wings with geometrically similar cross
sections; as poiated out in a subsequent section, the results
of these calculations can be used to estimate aeroelastic
phenomena of some wings which have large cutouts or
which for some other reason do not have sti.fhss distribu-
tions represented fairly closely by those of the constanb
stm+stype.

All calculations are based on the assuniptioDsthat twist-
ing is resisted primarily by the tmsion cells of the W@
structure and that the wing deformations cm be estimated
by mems of the elementary theories of bending and torsion
about an elastic axis.

SZLE~ON OF PARAMETERS

Geometrio parameters.-The geometric parameters used
in the analysis are deiined in figure 1. The location of the

CerIlerofWRSSURdvetooilerondeflectiicm,

I
❑osticOY.k. “..\... >

I Asrwlynamkcentw. .. ..:

4 b+
l?mmm I.—Definitions of geometria parameters.
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effective root indicated in this figure is d.iscused in refer-
ence 2. In the present report the m.gle of aileron deflection
6 is defined as being measured in planes parallel to the air-
stream. This angle is eqwd to the product of the mgle of
rotation of the a.kon about”the hinge axis and the cosine of
the sweep angle of the hinge axis.

Although most of tie charts and approximate formulas
are based on a half-span outboard aileron (Q*=O.5, s.*= 1),

the re9ults of the analysis of the uniform @rigs with full-
sp~ ~~o~ (8t*=(), 80*=1) and “tip ailWoJM” - (8,*-+1,

8.*= 1) indicate that, except fOr the angle-of-attack distrib-
utions, the results based on a half-span aileron may ,be
espected to be valid for outborwd ailerons having spans
which difhr considerably from one-half.

Aerodynamic param’eters.-The aerodynamic parameters
which enter the analysis are the eflective wing lift-curve
slope, the location of the wing aerodynamic center, the loca-
tion of the chordwise center of pr=ure due to aileron
deflection, and the w@e of attack equivalent to unit ail~on
deflection. An effective wing lift-curve slope GLaa,ap-
plicable to basic lift distributions due to built-in twist,
aileron deflection, roll, or aeroelastic twist, is approximately
given at subs@c speeds by the relation

C’=*=CI=
ACOSA (1)

A+ COS A

where cl= is approximately given by

2T
cl==

41 —Mo2COS2 A
(2)

The basis of equation .(1) is explained in reference 2. At
supersonic speeds (more specifically, for supersonic leading
and hailing edg&), the tiective wing lift-curve slope is
approximately

C.=e=
4CQSA

(3)
>/M.iCOS2 A— 1

provided Mo is greater than l/cos A. If Mo is greater than
1 but less than and not too close to l/cos A?equations (1) and
(2) may be used in the absence of better information; however,
the results obtained for this range of Mach numbem should
be used with caution.

The lift-curve slopes given by equations (1) and (3) should
not be confused with the rigid-wing lift-curve slope or the
damping-in-roll derivative; they are merely eil’ective values
suitable for aeroelastic calculations. Values of the rigid-
wing lift-curve slope and the damping-in-roll derivative can
be used in conjunction with the methods of the present
report and of reference 2 to obtain the values of the flexible-
wing lift-curve slope and the damping-in-roll derivative
because means are presented herein and in reference 2 for
estimating the ratios of the flexible-wing to the rigid-wing
values. For this purpose any experimental information
concerning the rigid-wing values can be used; if none is
available, references 3, 4, and 5 may be used at supersonic
speeda and reference 6, at subsonic speeds.

The local aerod~amic centers are assumed to be at a
constant iiaction of the chord from the leading edge, so that
they are all equal to the wing aerodynamic center as a tiction

of the mean

FOR AERONAUTICS

aerodpmnic chord. The moment arm el is

then given by the relation

el=e—a (4)

~ The local ‘centers of pressure of the lift due to aileron de-
flection are also assumed to be a constant fraction of the
chord horn the leading edge; and the moment arm G is then
giVt?Jl by

ti=cp$-e (6)

!lleo~etical two-dimensional values of the parameter cp~are
presented in iigu.re2 for both trailing-edge and leading-edge
ailerons at subsonic and supemonic speeds. At subsonio
speeds the effect of finite span is to shift the center of pressure
rem-ward. An appropriate value for this rearward shift
may be estimated from the following relation, based on
lifting-line theory for unswept elliptic wings with ful.kpm
ailerons:

:4(-3cP8m —cPan—~

where the subscripts II and Ill refer, respectively, to two-
a’nd three-dimensional valuea. The use of the swept-span
aspect ratio J% in place of A should serve to extend this ap-
proximate relation to swept wings.

Theoretical two-dimensional values of m, the anglo of
attack equivalent to unit aileron deflection, are also given
in figure 2. At low aapect ratios the values of m for sub-
sonic speeds tend to be higher than these two-dimensional
values; as the aspect ratio approache9 O,m approaches 1, at

least ‘in the case of wings without reentrant trailing edges.
Experimental values of both m and CP3are preferable to
theoretical values if they are available. For spoilers, m-
perimentally obtained values have to be used.

The tiective lift-curve slope and the values of the section
moment arms vary with the free-strerun Mach numbcy;
hence, the appropriate vrduw must be used at each flight
condition for which aeroelastic calculations are made,

The airspeeds at which the lateral-control aeroelastic
phenomena are of interest enter the calculations in the form
of the corresponding dynamic pressures. These dynamic
pressures, in turn, are repressed in dimensionless form by
means of the relations

CL=,elc,2812cos A

q*=l:4 (w),
(6)

or

●✿ ❑ Cz=,e2cr%?cos A
~q ——

144” (w), (7)

(8)

The ratios of the9e quantities,

k=-$=~ ~’ tan Aelc, (El), (9)

and

(lo)

are independent of the dynamic pressure and are very useful
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for analyzing the rteroelasticbehavior of swept wings. Two
other dimensionless parameters, which are independent of
the dynamic pressure, enter the calculations:

and
((D),

‘=m tangA

(11)

(12)

Structural parameters,—For the purposes of an aeroelastic
analysis the wing structure is characterized by the location
of the elastic axis, the magnitude and distribution of the
bending and torsional stiffnessesEI and (7J, and the magni-
tude-of the rigid-body rotations imparted to the wing by its
root (taken into account in this report only by the location
of rm eflective root). The selection of these structural
parameters is discussed in reference 2.

PRELIMINARY8URVE%OFl,OSSm LATERALCONTEOL
The information contained in some of the charts and ap-

proximate formulas presented in the following sections of
this report has becm summarized in figures 3 to 5 for the
purpose of ascertaining in advance of more detailed esti-
mates, if desired, whether the aeroelastic phenomena con-
sidered in this report are likely to affect the d@gn of the
wing structure. This prehminary survey is not essentird
to any of the further cn,lculationsbut may show them to be
unnecessary in some ca9es. The9e @urea pertain to cOnstant-
stress wings with half-span outboard &ilerons.

The charts of figures 3 (a), 4 (a), and 5 (a) pertain to wings
of taper ratios 0.2, 0.5, and 1.0, respectively, with the moment
arm ez equal to O (corresponding roughly to subsonic flow

o Lo
~ ~ ,/

/
?ii

.8 / ./
.$$6 / ‘ /
$g-’ / ./

;1”4 ‘/ /
/

,/
E ,2

,/ ‘
0

0 /,

1.2

1.0\ sulwmic
! . —-supemcak

\-
* I

III—I—H——U
.2 , ,

(a)

L , , 1 I I I I I 1 J
o .2 .4 .6 .e LO

conditions” and elastic-axis locations fairly far back on the “
+). Th~e figur= S!OTVtie dyuambpressure parameter
g* defined by either equation (6) or

c~=eel cos A~.=(l+x)~ (13)
18432 Q nW h,

TwzF””q

plotted against the sweep parameter k defined by equation

(14)

for several value9 of the aileron effectiveness pararnet&
CZa/CJkand for two values of the stiffness parameter.

or

(15)

where F~ is a root-stiihess parameter, md ~aj qbj % % Tst

m, w, and m me stmdmrahffectiveness factors defied in
reference 2. @f, at the time a preliminary survey of aerc-
ela.sticeifects is to be made, no information whatever con-
- the fig SfieSS i.s av~~ble, eqs. (13), (14), and
(16) may be used; if an estimate of the root stifhesses
(@7), and (El), is available, eqs. (6), (9), ~d (15) maybe
used.)

The charts of figures 3 (b), 4 (b), and 5(b) are the same as
those of figures’3 (a), 4 (a), and 5 (a), respectively,”except
that these charts are for wings with the momenhwrn ratio
c equal to unity (corresponding roughly to subsonic conditions
with the elastic axis fairly far forward on the w&g).

Aileron -chard rotii, G#c Aileron-chord ti”o,-@

(a) Trailing+dge ailerons. (b) Leading%dge ailerons.

FmuEE 2.—Theoretical two-dimensional values of the aileron:force parameters.
3~l(30~5~~
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(a) WingB with moment arm ez=O. -

I?murm 3.-—Chartsfor a preliminary survey of lateral control for flexible wings of taper ratio 0.2.
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Sweep pxorneter, k .

(b) Wings with moment-m ratio 6=1.0.

l?mmm 3.—Continued.
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o
Sweep pommeter, &ff

(c) Winge with moment arm el=O.

FIGm 3.—Concluded.
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(a) Wingswithmoment arm %=0.

FIGUEE 4.—Chartefor a p “ - y survey of lateral control for flexible wings of taper ratio 0.5.
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(b) WiugE with momentiarm ratio ● =1.0.

&GURE 4.—Continued. .
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FIGURE4.—Concluded.
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Sweep pommeter, k/c
--

(c) Wings with moment arm el=O.

Fmurm 5.—C-oncluded. I

The charts of figures 3 (c), 4 (c), and 5 (c) pertain to wings
with the moment arm el equal to zero (c0rre9pondingroughly
to supemonic flow conditions). These figures show- the
dynami~pressure parameter q* defined by either equation
(7) or

,qx=(~+k)’“.ee’cos A ~
18432 43 nWh,

(17)

ETZ ‘“”

plotted against the sweep paranieter k/edeiined by equation
(10) or

.

for tvto values of the stitlnessparameter

d (El)r &c, ‘()—.— —
(k/c)’ (~~, 8,

(18)

(19)

or

The ,various lines of the &arts of figur~ 3 to 6 designate
the conditions at which a Mug designed on the ixmi.soj
sbvngtli comidera%m alone is likely to encounter changes in
aileron rolling moment by various amounts due to \ving
flexibility. The lines for zero rolling moment designate
the conditions at aileron revenml. These charts should be
used in conjunction vzith the preliminary survey charts in
reference ,2. The significance of the four quadrants of
@nres 3 (a), 3 (b), 4 (a), 4 (b), 5 (a), and 5 (b) is the same
as that of the four quadrants of figures 2 (a), 2 (b), 2 (c),
dnd 2 (d) of reference 2 and is discussed in the section ‘prel-
iminary Survey of Aeroelastic Behavior” of reference 2.
The significance of the quadrants of figures 3 (c), 4 (c),
and 5 (c) of the present report can be analyzed in the same
way, 6xcept that the moment arm ez takes the place of the
moment q,. These three fiOWeSare analogous to figure 2 (e)
of reference 2 in that they pertain to the case el=O. (Al-
though k is infinite ~hen el is zero, which happens when the
section aerodynamic centers are on the elastic axis, the
parameter kje is not infinite in that case, except if es also
happens to be zero, a condition which can be realized only
with a full-chord aileron.)
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After it has been found, through the use of the charts in
reference 2, to what extent the wing design is tiected by
such neroelastic phenomena as divergence and aerodynamic-
center shift, the same procedure can be used with the pry
liminmy survey charts in this report to ascertain whether
the wing d&gn is likely to be affected by lateral-control
difEculties. If these &arts indicate the likelihood of sig-
nif@mt neroelastic effects on the aileron rolling moment,
further calculations are desirable. The charts and approxi-
mate formulas of this report maybe used for the preliminary
calculations; once the structure has been designed, more
refined methods, such as that of refefenc6 1, may be used.

CALCULATION OF THE AEROELASTIC PHENOMZNA RELATZD TO LATERAL
CONTROL ,

Analysis of the many solutions for the aeroelastic phe-
nomena considered in this report obtained by the methods
given in the appendk shorn that the data can be sum-
marized by means of approximate formulas. Th~e for-
mulas involve the aerodynamic, geometric, and structural
parameters of the Wing through the dimensions param-
eters k, k/e, E,and d (eqs. (9), (10), (11), and (12), respec-
tively) and through a series of constants KI to K,. The
cordmts are functions of the taper ratio, stiflbess distribu-
tion, and aileron span and are given in table I. As in
reference 2, the form of these approximate formulas has
been guided by considerations based on an idealized semi-
ri@d ting, and the actual values of the constants K3 to
K7 (K1 and K, have been given in ref. 2)- were obtained by
fitting the solution for the functions l?, to B, defined in the
appendix by equations (A18) and (A27) to their approximate
expressions, equations (A32).

Dynamio pressure at aileron reversal,-The solutions for
the aileron reversal speed obtained by the methods given in
the ~ppendix can be summarized by approximate formulas
which give the dimensionless parameters g*E, (cg*)E, or
~rthat is, the values of the parameters defied in equa-
tions (6), (7), and (8) which correspond to the value of the
dynamic pressure at aileron reversal-in terms of the
parameters k, k/~,q and d defined by equations (9), (10),
(11), and (12), respectively.

An approximate formula for q*Eis

(
K, l–K3; d

q*R= ) (21)
1+(K4+KzK3d) e+ K,d+K, ; d+K,k

[

A

LO
LO
LO
.6
.2

1.0
.5
.2
.6

.5

For very small values of the section moment arm el and
the resulting large values of the parameters e and k, the
following alternative forms of equation (21) are more
convenient to use:

and

. VVILenthe m.gle of mveep is zero, equations (21) tmd (22)
reduce, respectively, to

&+:

and when the momant arm el is zero, as it may be in super-
sonic flow, equations (22) aud (23) reduce to”

and

g,= “(l-K’id) (27)
K,+KJGd ;-K,

The constants K, to K, are given in table I for wings
having half-sprm outboard ailerons and taper ratios of 0.2,
0.5, and 1.0, for the two different types of stiflncss distribu-
tions. These constants were found tim the results of the
numerical matrix method derived in the appendix. Also
given in table I are these comtants for uniform wings having
full-span ailerons and tip ailerons calculated horn the results
of the analytic integration method of the appendix. Since
values of the constants K1 fmK7 are given for three aileron

TABLE I.—VALUESOF THE COEFFICIENTSIII TO K,

QJandEI’
(b/c)t
(h/c), ‘i”

1 .5
CHvmvenbyCnn3t8ntdres CI’i- Hl .5

LO .5
.5 .5

IncreasedImyond values p
qti~ by cnnstmt+ti mi-

LO 1- .5
;

*O* K1

Lo 247
Lo 263
LO 24
1.0 2d
LO 282

LO
LO i~
1.0 LW
LO .Wm

LO L7THI

.252

.3!37

.4m

.310

.323

K3

2am
L302
L@XI
.ml
.E33

LE%
.972

iE
L036

.946

.923

.s72

.832

.975

clas
.ns
.Wo
.043
.Em

.4W

.410

.323

.W

.433

‘“ I ‘7

T-0.!235 -am
.lw .023-
.310 .rm
.lEQ
.134 –:E

--1--
–.011 -.010
–.025 –.031
–.047 –.cm
–.105 –.051

‘-m I ‘-01’
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spans in the case of the uniform ~, they may be inter-
polated to yield values for other aileron spans. No calcu-
lations mme made for other than half-pan ailerons on
tapered tigs; nevertheless, as pornted out previously, qE
calculated for hal%pau ailerons should be reasonably valid
for outboard ailerons having SpaIIEwhich differ considmably
from one-half.

No aileron-reversal calculations have been made for mvept
- tith inboard ailerons. However, for unmvept uni-
form * the dynamic pressure at aileron reversal has been
crdculated for the limiting case of a ~ tith an inboard
aileron of vanishingly small span by operational methods
similar to those described in the appendix in connection
tith the calculations for uniform -. The value of g*z
obtained in this manner is shorn as a function of e in iigure
6. Also ahom in figure,6 are the values of q“a for full-spti
and for tip aileroDE. For small values of e, such as are likely
to be encountered in subsonic flight, there is little difference
in the values of g*Efor the three aileron configurations, but
at large values of e, such as are likelY to be encountered at
high-supersonic speeds, there is some di.thrence betieen
them; the aileron reversal speed h highest for the tip aileron
and lomst for the inboard aileron. However, these con-
clusions may not be valid for nonuniform or mvept -.

With the values of Q*E,(q*)B, and ZEgiven by equations
(21), (22), and (23) and the definitions of these parameters
given by equations (6), (7), and (8), the values of q at
aileron reversal may be determined. If desired, the corre-
sponding airapeed may be determined from the relation

(28)

If both g~ (as obtained from ref. 2, for instance) and q.
are positive aud qE is greater tian qD, there is no actual
aileron reversal speed; in fact, the rolling momemt due to
aileron deflection d tend to increase -ivithdynamic pr~ure
until divergence is reached.

Mormnt-orrrimtio, c

FIGURE 6.—Compar&on of dynamh prcsmres at aileron reversal
calculated by the fbll~ytiO
with thosacalodated from
wblgs.

integration. me~od
equation (A36) for

of the appendix
unewept uniform

Nor is there an actual reversal
regardless of whether @ is positive

speed if q~ is negative,
or negative, aIthough the

rolling moment due to aileron deflection fl decrease slightly
~i% ~CrWJiUg dynamic prasure if @/@ k grOOtOrthRR 1.
Inasmuch as aileron reversal, unlike divergence, is not an
instability problem, although it is often convenient to analyze
it as such, there is no possibility of encountering aileron
reversal in -a higher mode vhen qRis negative, at least. not
in the case of ordinAry tigs tith straight leadiug and
trailing edges and tith substantially straight elastic mm.

The value of q. calculated for any given vtilue of Q*R,
(q”)., or ~. depends on the value of the effective lift-curve
slope CL=.and, hence, on the Mach number. & suggested

m refer~ce 1, the value of g~ may be plotted against Mach
number on log-log coordinates; if the straight lines of the
actual dynamic prcasure at several altitudes as functions of
lMach number are dram on the same plot, an intersection
of the reversal line tith one of the lines of actual dynamic
pressure designates potible aileron revemal at that value of
dynamic pressure, Mach number, and altitude.

Spanwise angle-of-attmk distribution.-In the appendix,
an approximate axpreasion is determined for the change in
angle of attack due to the deflection of ailerons on fleiible
-. The ratio of the rmgle-of-attack distribituon due
to structural deformation G to the effective angle of attack
of an aileron cd is

& “ db @L~+Gk)fa—KJ Afa—.— (29)
ad ~_g 1—K,k

qD

The functions j= and Aja of the spamvise coordinate 8* ire

given in fiyre 7 for - having half-semispan outboard
ailerons, taper ratios of 0.2,0.5, and 1.0, and the two different
types of stiilncas distribution. The value of g. required in
equation (29) may be found from the approximate expression
for q*Dor ~L)giv~ ti reference 2 ~

K,
g*D= ~_K,k (30)

or

~D= _—=~ (31)
K9-~

o
~~ qL)is very kge, a more convtient form of equation

(29) is as fo~om:

Spanwise lift distribution.-Wlthin the limitations of the
modified strip theory used in the anaIysis, the lift per inch
of span is proportional to the local effective angle of attack,
ho that

(33)
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where a,/m8 is obt~ined as indicated in the preceding section
and 1=isrLunitstep function of the distance along the span
defined by

la=o (when 8<8,)

1==1 (when s>s,)

Inasmuch as the functionsja and Aj= have been calculated
only for half~emispsn outboard ailerons or spoilem, the
expressions for angle-of-attack distributions and lift distri-
butions (eqs. (29) and (33)) can be used directly only for
this case.

Rolling-moment ooeffloient and rate of roll due to +leron
deflection .—The rolling-moment coefficient due to a unit
aileron deflection 0J6may be obtained in tmms of it&equiva-
Iont rigidwing valu~ from the approximate formula ~

.(34)

and the fig-tip helix angle due to an aileron deflection
pb/2V, which is a measure of the rate of roll and the rolling
maneuverability, may be obtained from

3%=(’%).(1-$) (36)
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The manner in which the aileron-effectiveness parameter
ClJCt80mmi~ tith dynamic pressure depends on the ratic
of the reversal to the divergence dynamic pressure as may
be seen from equation (34) and @ure 8. When the aero-
dynamic center is ahead of the elastic axis, as is genmdly
the case at subsonic speeds, q~q~ is positive and greater
than one for mveptfomvard-, positive and leas than one
for unmvept tigs, and negative for mveptback -.
Thus, in general, CJClaO increases tith dynamic pressure

until divergmce is reached for mveptfomvard -; it de-
creases slowly at first and then more rapidly’ as revd is
approached for unmvept tinge; and it decreasea rapidly at
first and then more sIow1yfor mveptback -. The rapid
decrease in rolling effectiveness for mveptback tinge can be
alleviated by the use of unconventional lateril-control
devices which have their centers of pressure ahead of the
elastic axis, such as leading~dge ailerons or spoilers. Th~e
devices may also servo to make the dynamic pressure at
aileron reversal negative, PO that there is no revered of
lateral control in the given speed range. The loss or gain
of lateral control is then given by the part of ‘figure S for
negative values of gJgR.

The analysis summarized by the approximate formulas
(34) and (35) is based on rolling momemts about the vzing
root instead of about the fuselage center line, partly to
simplify the analysis and partly tQ avoid the introduction of
the fuselage tidth as smotherindependent parameter. How-
ever, these approximate formulas should be valid for ob-
taining rolling moments and rates of roll about the fuselage
center line as well, because equations (34) and (35) are ex-
pressed as ratios of fkxiblewing to rigid-~ values; that
is, the ratio of the rolling moment about the fuselage canter
line to its rigid-~ value should be nearly the same as the
ratio of the equivalent rolling moment about the ~ root
to its rigid-~ value when the ratio of the fuselage tidth
to the ~ span is small.

The rolling-moment amificient and rates of roll given by
1 equations (34) and (35) are functions of the aileron span

inasmuch as q~k a function of the aileron span. The varia-
tion of CIJor pb/2V with aileron span can therefore be found
only for uniform vci.ngs;ho~ever, since the effect of aileron

’18
~

Oynarnic-presue mho, g/fj”,

l?m&EI 8.—Variation of aileron rolling effectivenws with
P~ ratio and the parameter qB/qD.

dynamic-

span on q; isnot very great,itseffecton G18 or pb/2V is not

likelyto be great. The rolling moment due to the deflocbion
of an inboard aileron cqn be found by superposition, because
the aeroelastic equations upon which the results of this re-
port are based are linear (that is, the rolling-moment coeffi-
cient due to a 30-percent-span inboard aileron, for example,
is equal to CZJfor a full-span aileron minus Cj8 for a 70-
percent-span outbomd aileron), but only in the case of the
uniform fig is the required information for the full-span
aileron presented herein. That the aeroelastic effects on
lateral control he likely to be similar for inboard se for out-
board aiIerons, at least for unmvept -, may be deduced
horn figure 6.

Inertia effeots .—In steady rolling flight no inertirveffects
me present which can afFect the static aeroelastic problem
except, possibly, for centrifugal forces on heavy underslung
nacelles. The maximum value of pb/2V is therefore usually
nn~ected by inertia effects. However, in the equaUy im-

portant problem of initial rolling acceleration, which governs

the time in which a given rolling velocity can be attainwl,

inertia effec& must usually be taken into account, In
reference 2 the observation was made’ that in symmetric

fight inertia effects are not I% important as other static

aeroelastic effects, except for flying wings, because the inertia

forces are in about the same ratio to the aerodynamic forces

as the wing weight is to the airplane weight. By the same
reasoning, however, inertia effects are ahnost always very

importmt in getting into a roll, because the inertia forces

are then in about the same ratio to the aerodynamic forces

as the moment of inertia of the wings about the longitudinal

axis of the airplane is to the moment of inertia of the entire

airphiue about ifs longitudinal axis, a ratio which is usuaIIy

not much less.than 1. ‘

No charts are presented in this report for these inertia

efFects because the manner in which mass is distributed

varies so wideIy among different airplanes that preparation

of a generally applicable set of charts appears to be im-

practical at present. However, ‘the procedure outlined in

refermce 2 for taking inertia effects into account in the cal-
culation of quasi-static aeroelastic plienomena by means of
the charts presented therein may be applied to the calcula-
tion of the inertia effects encountered in starting a roll.
This procedure is described in the follotig paragraphs.

For a given rolling acceleration j, the linear normal accel-
eration of an element of mass at a distance y from the center
line of the airplane is fly. From this linear acceleration and
the lmom or est@ated mass distribution of the ~ving, the
.ner~a load ~ per inch of span and the inertia torque tf per
uch of span can be calculated for any given normal, pitch.
ng, or rolling acceleration. Substitution of these loads and
torques for the terms J and le,c in equations (A3) or (A36)
md equations (A2) or (A35) of reference 2, respectively,
FMds the valu,es of the accumulated bending momenta and
torques in equations (A4) and (A5) or in equationa (Aw)
md (A38) of reference 2. Equation (A6) of referenu 2, or
the matrix equivalent of this equation, then yields the angle-
jf-attack distribution due to the deformations caused by the
inertia effects asso~iated~ith the given accelamtion.
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This angle-of-attack distribution can be considered as a
geometrical angle-of-attack distribution; for the purpose of
calculating the increment caused by aeroelastic action, this
distribution can be approximated by a linear-tit angle+f-
attack distribution TV-MIa value at the v@g tip which is such
that the moment about the effective ~ root of the area
under the linear-tit distribution equals the moment of the
area under the calctiated angle-of-attack distribution due to
inertia effects. (The moment, rather than the area, is
suggested as a basis of correlation because the angles of
attack near the fig tip are more important in aeroelastic
phenomena than those at the ~ root.) The justification
for this rather arbitrary approximation to the angle+f-

“attack distribution is that the correction to be applied as a
result of aeroelastic action to the deformations due to inertia
loads is usually small compared tith these deformations.

The angle of attack due to structural deformation a,

associated tith the linear-tit distribution can then be
obtained from equation (21) and figure 7 of reference 2 or,
if X=O, from figure 8 of reference 2.. The lift distribution
associated \vith the total angle-of-attack distribution due
to the deformations caused by the inertia effecti, including
the increment in this angle-of-attack distribution produced
by aeroelastic action, can then be found from equation
(24b) of reference 2, in which q and& pertain to the calcu-
lated angle-of-attack distribution due to the inertia effects
(not the linear approximation tQ this distribution). This
lift distribution can be integrated to obtain the rolling
moment due to inertia effects, as mod.itled by aeroelastic
action.

The rolling moment calculated in this m~er may then
be combined tith the rolling moment due to aileron or
spoiler deflection, dich may be calculated as indicated ‘ti

. the preceding section. If the contributions of the tail and
the fuselage to the rolling moment are neglected,

where @ is the angulax acceleration in roll, ~ is he mass
moment of inertia of the entire airplane about its longitudinal
axis, ~u is the mass moment of inertia of both - about
the longitudinal ati of the airplane, and C~~is the flexible-
* value of the rolling-moment cnefficien{ due to aileron
deflection (which may be calculated in <$e mannar de-
scribed in the preceding section). The ratio (b~’J3p), is
the rolling moment per unit rolling acceleration due to
in~rtia effects, including aeroelastic effects, and is equal to
–Iu plus the rolling moment due to the lift which results
from the deformations due to, the inertia loads per, unit
angular acceleration in roll as well as from the aeroelastic
deformations which accompany these inerti~ deforma-
tions; in other words, @.Z’J@), is equal to —Im plus the
rolling moment calculated as described in the preceding
paragraph for p= 1. Then

1 1 C,,8qSb

“=&=z7w‘:’” ‘“a)

or

where

c, L 1
%,i

1–A- a&()I–I. bP s

(“b)

C,88

is a rolling-moment coefficient per unit aileron deflection

which includes static ae.roelastic efTects, inertia effects, and

the aeroelastic magnifhmtion of the inertia tiects. This

rolling-moment ccmflicient” is a truer index of the rate at

which a roll can be initiated than cz~~. The ioitial rolling

acceleration (disregarc@g uristeady-lift eflects) can be

calculated from equations (36).

ILLUSTRATIVEEXAMPLE

The approximate formulaa described in the preceding

sections have been used to find the efEects of aeroelasticity

on some lateral-ccmtiol properties of the wing considered in

the illus@tive _ple of reference 2. The resulting cal-

culations am an extension of those in reference 2, and the

additional parameters Me presented in table H.

TABLE U.—PARAMETERSOF EXANIPLE~~G
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The subsonic and supersonic values of the pararnetem k,
e, and d were calculated from equations (9), (11), and (12),
respectively. With the appropriate values of the factors K,
to K7 interpolated from table I, the values of q*Ewere cal-
culated horn equation (21) and are given in table H. I!rom
these values of Q*E,the subsonic and supersonic dynamic
pres.mmssat aileron reversal were found by means of equation
(6). These values of g. vary as the reciprocxdof the effective
lift-curve slope, if the corresponding values of el and ej are
assumed to remain constant.

In order to fid the angle-of-attack distributions ‘due to
deflections of the aileron from equation (29), the values of
the functions f= and Af=were taken fmm @u.re 7(c). The
spamvise change in angle of attack is shown in the top plot
of figure 9 for di.ilerentvalues of the dynami~presure ratio.
The rolling-moment coeflkient and wingtip helix angle due
to deflections of the aileron were calculated from equations
(34) and (35) and were plotted in iigure 9 as functions of the

dynamic-pressure ratio ~. (
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FIGURE 9.—Effeotof aeroelastio aotion on some Meral-oontrol prop-
ertiesof the example wing.

DISCUSSION

LIMITATIONS OF l%E CHARTS AND APPROXIMATE FORMULAS

The chari% and the approximate formulas presented in
this report are subject to certain limitations as a result of
the approximations made in the calculations on whioh they
are based. These limitations are discussed fully in reference
2 and can be classified as restrictions on the plan form, on
the speed regime, and on the wing structure. The limitations
are given very briefly as follows:

(1) The remlta obtainable by the use of the charts and
approximate formulas axe likely to be unsatisfactory for
- pf very low aspect ratio, very large sweep, oq zero
taper ratio.

(2) The results are restricted to wings on which the span-
wise lift distribution is roughly proportional to the chord
and angle of attack and on which the section aerodymunb
centers are at an approximately constant fraction of the
chord; these restrictions are most likely to be violated by
x fl@g at transonic speeds and by wings having con-
centrated sources of lift, such as nacelles and tip tauks.

(3) The results are somewhat restricted to wings with one
of the two types of spanwise stiffness distributions used
in the analysis, wings with no chordwise bending (relatively
thick wings), and wings having an elastic axis at an approxi-
mately constant fkaction of the chord.

The manna in which the aeroelastic effects of aileron
deflection are analyzed in this report imposes certain ad-
ditional limitations that particularly affect the aileron
geometry. Jn the analysis in the appendix, the spamvise
lift distribution due to the deflection of an aileron was
approximated by strip theory, an approximation which is
probably leas valid for aileron deflections than for geometric
mgles of attack The assumption was also made that the ,
centers of pressure due to aileron deflections are at a constant
fraction of the wing chord; this assumption is also probably
leasvalid than the assumption that the section aerodynamic
centers of the wing are at a constant fraction of the chord.
Since these awnmptio~ are more nearly true for wings of
high than those of low aspect ratio, these limitations serve,
in effect, to restrict the applicability of the present report
to aspect ratios somqwhat higher than those amenable to
the analyses of reference 2.

The remdti of the present report do not take into account
explicitly any flexibili~ of the aileron itself because of the
assumption that the angle between the aileron and wing is
constant along the span of the aileron. This assumption is
almost universally made in snalyzing the aeroelastic prop-
erties of ailerons and is justifiable because the net effeot of
the difference between the wing deformations and the aileron
deformations on the overall lift and moments appears to
be m$gligible.

As a result of the fact that the static aeroelasticphenomena
associated with lateral contil involve many more param-
eters than do those associated with symme@ic flight, the
coverage of the various parameters is not as complete as
in reference 2. Specifically, all the charts and approximate

,
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formulas presented herein are restricted to outboaxd lateral-
control devices (ailerons or spoilers) except for the uniform-
ing case, and most of the calculations upon which these
results are based were made for wings with half-semispan
outboard ailerons (si*= 0.5, SO*=1). However, the results
of the analysis for the uniform wings with fulkp~ ailerons

*—1) and tip aderons (si*-l, SO*=1) indicata(s~*=O, 80 –
that, except for the angle-of-attack distributions, the results
based on a half-span aileron are approximately valid for
outboard ailerons of spans differing considerably from one-
half. The ratio of the aileron chord to the wing chord is
assumed in the charts and formulas to be constant over the
span of the aileron.

IU3LATIONBETWEEN STEENGTH AND STIFPNHS AS DESIGN CRITERIA

The relation between strength and stdlness as design

criteria was discussed in reference 2. The preliminmy snr-
vey charts in reference 2 indicate the extent to which a
wing designed on the basis of strength considerations alone
is likely to be aflected by aeroelastic phenomena and, con-
sequeutly, indicate whether the wing has to be stiffened
beyond the amount associated with the required strength.
The prelimimwy survey charts of this report (@s. 3 to 5)
serve the same purpose in regard to the aeroelastic effects on
lateral control; furthermore, even though the charts of
reference 2 may indicate that a particular wing is not sig-
nificantly aflected by the aeroelastic phenomena considered
in that report, this wing may still have to be stiflened be-
cause of an undesirably large low in lateral control.

As maybe concluded from the survey charts of reference 2
and the present report, as well as from ,the discussion”con-
tained in reference 2, the following wings designed on the
basis of strength considerations are most likely to be subject
to adverse aeroelastic effects on lateral control and rolling.
maneuverability:

(1) Wings operating at a high speed or dynamic pressure
(2) %veptback wings
(3) Thin wings
(4) Wings designed for low wing loading
(5) Unswept and moderately swept wings with an elastic

axis relatively far forward on the chord or with the center
of pressure of the lift produced by aileron deflections rela-
tively far back on the chord as a result of the aileron configu-
ration (small aileron chord or wing of low aspeqt ratio) or
flight condition (supersonic speeds)

(6) Wings with a relatively high lift-curve slope

STRUCTURAL WEIGHT ASSOCIATED WITH THE EEQUIEED STIFFNESS

When a given wing has been shown ta be subject to un-
desirably large aeroelastic eflects by means of the charts of
referenm 2 and this report or. by any other method, the
problem arises how to distribute the additional required
stiilness-that is, which spanw-ieedistribution of structural
material will alleviate the adverse aeroelastic phenomena
to the desired extent with the minimum increase in struc-
tural weight.

In order to shed some light on this problem, aeroelastic

and weight calculations have been made for wings with a

taper ratio of 0.5 tith a fqnily of someivhat arbitrarily

selected .stiflness distributions which. difler from the distri-

bution required by the Cc&stant-stmw criterion in a manner

described in reference 2. These stifl-mx distributions are
designated by the tip stiilness ratio a, which is the ratio of

the stifhless EI or QJ at the wing tip to the corresponding

stiffnessof a constantitreas wing. The results of the

lateral-controlcalculationsfor wings with taper ratio 0.5,
with constant wing-thiclmess ratio h/c along the span, md
with two of these stiflh~s, distributions are included in
table I and iigure 7 (b). The designation “excess strength”
refers to the stiffnessdistribution increased over the constant-
stress requirement to such an extent that the value of u is
2.0. The results, of the aeroelaatic calculations for the
stiilness distributions de”meased below the constmtahess
requirement to a value of w= 0.5happen to be the same as

the resultsfor the constant-stressstiffnessdistributionsfor

wings with linearly varying wing-tbiclmeas ratio and

‘h’c)’ 06 The structural weight considered in these cal-(~= “ “
culations is that of the primary load~rying structure;
the remaining structure is assumed to be unchanged in the
stiffening process.

The results of the weight calculations and aeroelastic
cxdculationsin reference 2 indicated that in the case of wings
with taper ratio 0.5 sti.tleningthe strnc,tie in the outboard
region of the wing (u greater than 1) was more eflkient,
horn weight considerations, in alleviating the aeroelastic
effects considered in that report than the addition of stiflnew
in the inboard region. This conclusion is corroborated, in
esstice, by the calculations made for the aeroelastic phe-
nomena considered herein. Figure 10, which consists of a
plot of the structural weights required for a given loss (20
permnt) in lateral control at a given dynamic pressure, indi-
cates that the least weight is associated with values of the
tip sti.fhm ratio u greater than 1, exc8pt for wings with
values of the sweep parameters L or k/eequal to —8. These
large negative vahm of k or k\e,however, pertain to wings’
that are either (1) sweptforwmd, or (2) sweptback with the
aerodynamic center behind the elastic axis (in the case of
negative k), or (3) sweptback with the center of pressure due
to aileron deflection ahead of the elastic axis (in the case of
negative kle, as it may be for spoilem or leading-edge

ailerons).

For sweptforward wings, the aileron rolling moment

usually increases rather than decreases with dynamic pres-

sure, so that lateral wmtrol does not impose any structural

requirements. For sweptback wings with negative values of

el and q, alleviation of the aeroelastic eilects in lateral con-

trol can be eifected at the least cost in w-eight by adding

structural matarial ih the inboard region of the wing; inas-

much as the minimization of the shift of the aerodynamic

center of. these wings can be eifected most efficiently by

stiffening the outer region of the wing, a compromise must

be made if both types of static aeroelastic phenomena are of

concern.
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l?mum 10.—The effectof tip stiffnes9ratioon the structuralweight
requiredto maintafn a constant level of Iaternl-contrd effeutivem=s
(G@.8C1%) at. @ven d-c pressurefor wings with a taper

ratio of 0.5.

SOMS REMARKS CONCERNING THE AEROISOCIJNICWING

&shown in reference 2 an overall type of aeroisocliniciem,
in which bending and torsion action tend to caned for the
wing as a whole, can be achieved for the aeroelastic phe-
nomena considered in that report by a choice of a suitable
ratio of the bending to the torsion stiffness or by a ohoice of
the elastic-axis location, that is, by satkfying’ the relation

&_ ~r tan A=~ -
elcr (El)r

(37’)

(where K, is given in table I). However, also pointed out

in reference 2 was the fact that even if the conditions of
equation (37) are achieved there may still be great losses in
lateral control, and the wing may still be subject to adverm
dynamic phenomena; in fact, the severity of adverse nero-
elastic eflects in the lateral control and of certain dynamic
phenomena may be increased as a re@t of nchieviag aero-
isoc’linicism.

The results of the present report corroborate the conclu- ‘
sion concerning aeroelastic effects on lateral control. How-
ever, by suitable additional modifications a wing which has
been made aeroisoclinic can also be msde to suffer no 10SSin
]ater~ control due to aeroelastic action. As may be seen
horn figures 3 to 5 or from equation (34), the condition for
no 10SSWin lateral control is that qE be equal @ gD orj b

setting equation (21) equaJ to equation (3o), that

K4E+(K2+K7) k+ K,d+(Ki+Kel ; d=o (38)

of which the condition

(39)

usually is an approximate solution. Therefore, in order to
satisfy both of the conditions speoiiied in equations (37) and
(38), the section moment arm a must be nearly equal to
—el or, in oth~r words, the oenter-of-pressure parametem a
and cpJ must be nearly equal, a condition which oan bo
satisfied by using full-ohord ailerons (all-movable wing tips)
or a combination of geared leading-and trailing-edge ailerons,
for instance. How-ever, as pointed out in reference 2,
attenipts at solving’ static aeroelastic problems by aiming at
aeroisoclinicism may tend to aggravate certain dynm.io
phenomena. The mine statemeot must also be made con-
cerning the foregoing methods of alleviating statio mrodastio
effects on lateral control; these methods may, for instonce,
lead to flutter di.tliculties-ivhi@ may require exceesive mass
balancing.

RRLATION OF THE OHARTS TO D~IGN PROCEDURE

The conventional procedure of designing a wing on the
basis of strength requirements and later checking it for
aeroelastic eflects can be facilitated at several stages by
using the methods demmibedin the present report and in
reference 2. As pointed out in reference 2, for instance, the
preliminary~urvey &arts presented therein can be used to
establish some static aeroelastic characteristics that ovould
be obtained in symmetric flight if the wing were designed for
strength alone.

If these cbmacteristics are deemed satisfactory, the de-
sign can proceed on the basis of strength requirements alone.
Jf, on the other hand, they are considered unsatisfactory,
the wing must be stiffened. ~The mout of ~additional
material required can be estimated, as indicated in reference
2, by interpolating between the resuhs presented therein
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for the constant-strength case, the “excess stiength” case,

(h/c)~–005. & previowly mentioned, the
‘d ‘he ‘se (h/c),
additional structural material is usually most eilective if
distributed near the wing tip.

Similarly, the preliminary-survey oharts of this report
can be used to ascertain whether the wing can meet lateral-
control requirements if designed for strength alone. If it
must be stiffened to meet these requirements, the necessary
amount of additional material -can be estimated in the
same manner as indicated in reference 2 for aeroelastic
efkcts incurred in symmetric flight.

Inasmuch as the charts of reference 2 and of the present
report pertain only to static aeroelastic phenomena, the
problem remains of ascertaitig in the preliminary design
stago whether a wing designed for strength alone (or, for
that matter, a wing designed both on the basis of strength
requirements and of static aeroelastic considerations) is
likely to experience flutter difficulties<. However, flutter is
u much more complicated phenomenon and depends on
many more parameters than do static aeroelasticphenomena.
Consequently, preparation of a generally applicable set of
charts appeam’ impractical. Nonetheless, although phe-
nomenologhmlly flutter is not related to the static aero-
elastic phenomena considered in reference 2 and her~in, it is
mechanically related by virtue of the fact that all three
phenomena depend on the wing geometry sad the wing
stiffness (although the aerodynamic parameters are different
and flutter, unlike the static aeroelastic phenomena, involves
the mass distribution of the wing and the damping properties
of the structure). On the basis of past experience, certain
qualitative conclusions can be &ah concerning this
relation.

As shown in the charts of this report, the aileron reversal
spedd, or the speed at which a specified amount of control is
retained, is low%. for highly sweptback wings than for
unswept wings. Sunilarly, the divergence speed decreaws
rapidly as the angle of sweepforward inmmses. I?or a
typical family of wings the values of q* at divergence apd
at reversal as obtained by the charts herein are shown as a
function of the sweep parameter k in iigure 11. For un-
swept wings the dynamic pressure at flutter is usually within
a Certak range varying between a value lower than the
dynamic pressure at reversal to a value higher than the
dynamic pressure at divergence, depending on the geo-
metric, structural, aerodynamic, and mass parameter of
tha given case, and varying even for a given case and a
given speed range with altitude, because a change in ah
density may change the mode d which the wing flutters.
This wide range is indicated in figure 11 by starting three
flutter curwx (which do not necessarily describe the upper
and lower limits) at k= O. If the variation of flutter speed
with sweep angle is assumed for the purpose of illustration
to be similax to that indicated in figure 17 of reference 7,

the fluttercurves of ii.gure11 are obtained.

This figure must jot be construed as presenting any
quantitative information; to emphasize this point the family
of wings is not identified. Even qualitatively the relation
between the dynamic pressures at flutter, divergence, and
reversal is subject to certain limitations because the flutter
tests of reference 7 were-performed--at subsonic ~peeds-on
models without ailerons and concentrated masses, which
fluttered in the classicaltwodegree-of-freedom mode. There
is reason to believe that sweptback wings with high aspect
ratios flying at high altitudes may’ experience a possibly
mild form of flutter in a singledegree-of-freedom mode, be-
cause avertical motion necessarily implies vertical bending
and, hence, in the case of a swept wing, a variation in the
angle of attack. h general, the greater the number of
degrees of freedom the more diflicult it is to relate flutter to
the static aeroelastic phenomena.

However, at subsonic speeds&d low or moderately high
altitudw at least, the trend shown in figure 11 should be valid
for wings without very large concentrated masses and with
irreversible controls, which tend i% minimize the possibility
of aileron-coupled flutter. Consequently, if these wings am
highly swept back they can be designed to meet lateral-
control requirements with the likelihood that they will then
be safe against flutter as well, provided convdiional lateral-
control devices are used. On the other hand, if these wings
are unswept or even moderately swept back, they may have
to be stiffened beyond the amount required by static aero-
elastic considerations, or mass balanced, or both.

In any event the final design must be checked both for
static imroelasticeffects and for flutter. In mmy cases the
static aeroelestic effects can probably be calculated with
sticient accuracy by means of the charts and approximate
formulas of reference 2 and the present report. In some
cases, however, particularly if these effects are “in my way
criticaI, a more refined method of analysis, such es that of
references 1 and S, may have to be used.

2.0[ I I I I i I I I 1 I I I I I I 1

&ll Aileron .rwerso14 X I I

~ I I 1 r I I I I I I 1. I

01
-10 , 0 10

Sweep porameter, k

FIGURE Il.—variationof oritioaldynamio pressmes with the sweep
parameter k.

.
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CONCLUDING REMARKS
I

An approximate method based on charts and approximate
formulas has been presented for estimating rapidly the
aeroelastic effects on the lateral contiol of swept and unswept
wings at subsonic and supersonic speeds. The charts and
approximate formulas presented herein together with those
presented in IVACA Report 1140 also serve to simplify
design procedure in msmy insixmces because they can be
used at the preliminary design stage to estimate the amount
of additional material, required to stiffen a wing which is
strong enough and because they indicate that the best way
of distributing this additional material in most cases is to
locate most of it near the wing tip.

For the purpose of making speciiic calculation, the limita-
tions of the method of this report are that they do not apply
directly to wings with very low aspect ratio, with very large
anglea of sweep, with zero taper ratio, or with large sources
of concentrated aerodynamic forces.

The charts’ and approximate formulas indicate that the
control effectiveness of an airplane may be increased by
vmyi.ng some of the design parameters such as the ratio of
torsional to bending stifbas and, if necessary, resorting to
unconventional lateral-control devices. The charts dso in-
dicate that a wing which is strong enough is most likely to
be ailected by losses in lateral control due to wing flexibili~
if it is to operate at high dynamic pressures, if it is thin, if
it has a large rmgle of sweepback, if it has an elastic-axis
location relatively far forward on the chord or a location of
the center of pressure due to aileron deflection fm rearward
on the chord, or if it is to operate at transonic or high super-
sonic Mach numbem.

LANGLEY &JRONAWCAL LABORATORY,

NATIONAL ADVISORY COMTrEE FOR AERONAUTICS,
LANGLEY lhXLD, ~A., ~UTCh 7, 1962.
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APPENDIX

METHODS OF CALCULATIONS ON WHICH THE CHARTS ARE BASED

TEE AEROELASTTC EQUATIONS

The assumptions made in the following analysis are the
same as those made in reference 2:

(1) Aerodynamic induction is taken into account by
applying an overall correction to strip theory.

(2) Aerodynamic and elastic forces are based upon the
assumption of small deflections.

(3) The wing is clamped at the root perpendiculm to a
straight dlastic axis, and all deformations are ecmsideredto
be given by the elementary theories of bending, and torsion
about the elastic axis. In addition it is assumed, as in
reference 1 and elsewhere, that the angle between the
aileron and the wing is constant along the span of the
aileron.

Then, for a wing with an outboard aileron,’ the force per
unit width on sections perpendicular to the elastic axis is

where ldisa unitstep function ofs defined

I
.1

1-

(-I
. Sj Sf

(Al)

by

where St is the spanwise ordinate of the inboard end of the
aileron. The running torque of this force about the elastic
axis is

qc~elCz
144 ‘“ (a,–c@fslJ (A2)

where e is the moment-arm ratio eJel.
The integration of these forces yiekls the accumulated

torque and bending moment:

Combining these equations with the equations of elastio
deformation presented in appendix A of reference 2 as

Ja~Tds
‘= o QJ

results in two simultaneous equations of equilibrium:

These equations are subject to the following boundary
w@itions:

9(0)=0 (A7a)

r(o)=o (A7b)

(EI~),-,=o

(A7c)

(A7d)

(A7e)

The angle of attacik due to structural deformations is
related to p and r by the equation

6=P cos A—I’ sin A (A8)

After equations (A5) and (A6) have been solved, the rolling
moment about the wing root may be found from the ex-
pression

qs ; c1

144 = T, sin A+M, COS A (A9)

where the root twisting moment T, and the root bending
moment M, are given by equations (A3) and (A4) evaluated
at i equal to zero. Then the rolling-moment ratio becomes

737
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where the furmtionsBI i%Be are defied by

1

SS
S*

B6= ; law 0%”
00

and where the psrameter d/kis defined by

(Ails)

(Allc)

(Al ld)

(A12)

SOLUTION FOR UNIFORM WINGS

If the torsional sti.fhess, the bending stillness, and the
chord of the wing have constant valu~ of ((W),, (El),, and
c,, respectively, along the wing span, the equations of eq~b-
ri&n (A5) and”(A6) ‘become - - - -

p“ cos A= —q*[(q cos A–I’ sin A)–e~a IJ

I“” sin A=–?j [(p cos A–I’ sinA)+~614

where the differentiation denoted by the prime is

spect to ~=1—~

(A13)

(A14)

with re-

Diilerentiating equation (A13) once with respect to Eand
oombining it with equation (Ai4) yields the single di.flerential
equation of equilibrium,

%“’-l-q*%’-gcG=a66 q“e 1;+$ 1= (A15)

subject to the following boundary conditions:

*(1)= o ‘ (A16a)

a#’(o)=o (A16b)

a,’’(o)= —q* [Cz,(o)-ccqa 1=(o)] (A16C)

The oomplete solution of equation (A15) can be readily
obtained by means of Laplace transfomns as

f’jjy f3(t)–f3(&&)-L(’t) (A17)

where the functions j3($) and jh(f), EMwell as ~A(~)which
will be used subsequently, are defined in appendix A of
reference 2 as

(~@= Cle-vt+d: c1 cos v.i+~ a 7:) ‘

(
j,(f)= C4e-~E+@~ C, cos Tf+$ sin 7$)

(
. j5(Q=C7e-~5+e@E C, Ccs-ft+$ sirL7g)

where the constants of integ&tion are defined in reference
2 in terms of the roots of the characteristic equation, —2P

and B+i-r. These three functions
E<O.

are equal to zero when

The substitution of this solution into, equations (All)
yields the functions

B,(q”, k)= ~3:;~)j4(0-j4(l –.%)–.%+BZ (Also)

@4Z*j ~)+jUs(l)–ja(l – gi)]+[~–;-] [j6(0-.f6(l – W?
(A18b)

B,(q*, k)=$ [f3(l)–f3(l –h)]+; [j4(l)–j;(l –:J] +

[*--l~’(l)-f’(l‘And
B5= – & (A18e)

The value of q’ at reversal is that value which makea
CZJCJJoin equation (A1o) equal to zero for given values of
the parameters k, e, and d.

For a full-span aileron (&=1, &= O), equations (A18)
become

f4(l) ~+&
~ Bl(q”, k)=jw– (Al%)

-?4q”,k)=~[ja(l)– 11+[~–-~~]~s(l)q” (A19b)

Ba(q”,k)<~–$+B4 (A190)

B5= – 1 (A19e)

B,=; (A19f),-

and for a ‘%ip aileron” of very short span (&+O, &= O),
equations ‘(18) become

B,(q”,k)= {j.(l)+ ~4(1) –k~,(l)] - q“–1 } &+B4 (MOO)

B&=–& (A20e)

B,= &i (A20f)
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SOLUTION FOR NONUNIPORM WINGS

By means of strip theory applied at a iin.ite number of
points, equation (Al) may be written in matrix notation as

{1}
qoLa*

=~lcl{{%}+ow=}} (A21)

and the expression for torque (A2) as

‘;$”lC’1{ {%}–d{~.} } (A22)

The matrix notation used in this analysis is the same as in
reference 1.

Equations (~3) and (A4), written in matrix notation, are

where the integrating matrices [1’] and [11’] are, respec-
tively, for single and double integration horn tip to root

, and are given in reference 1. The value of {la} at the
matrk station nearest the digcontintity of 1= can be modi-
fied as ip reference 1 in such a manner that prenmltiplication
of {1=] by [1’lJ and [11’J yields the same area sad mo-
ment about the wing root, respectively, as would be obtained
by analytic integration. This modification may also be re-
garded as an attempt to round off the lift distribution near
the inboard end of the aileron in a physiedly reasonable
manner.

The combination of equations (A23) and (A24) with
matrix expressions for {p} and {r} in terms of { 2’} and
{M} (seeappendix A of ref. 2) yields the equilibrium equation

[11]–q*[4111{%] =-q*@{ f?} (A25)

tihich can be solved for {a,}. The aerod~tic ma~ [A] fi
deiined in reference 1 and the column matrix {~} is defined
by

After the rolling-moment ratio expressed by equation
(A1O) is set equal to zero, the condition for aileron reversal
is

: @1+@t)+B3+@4+: EB6+B6=0

where the matrix equivalents of equations (Al 1) become

(A27a)

(A27b)

11B,= l~l’,j ~ {la} (A2f’@

Therefore, the condition for aileron reversal expressed in
matrix noiyition is

Solving equation (A28) forma and multiplying the resulting
equation by {/3} yields

“-(M’)Cd{p}=

The substitution of this exprmion for c@{@} into the
equilibrium equation (A25) yields

{%}=q*R[&l{a#} (A30)

where the aileron-reversal matrix [Az] is defined by

The value of Q*at aileron reversal can be found by the itera-
tion of this aileron-reversal matrix.

RKP~~ENTATIONOF RIWIJL~ BY APPROXIMATEFORMULAS

Approximate formulas, simih to those in reference 2,
have been used to combine the results of the many compu-
tations indicated in this analysis; as in the case of the for-
mulas presented in reference 2, those presented in this sec-
tion are based on cxmsideration.sof a semirigid wing.

The functions B, to B, in equation (A1O) have been found
to be given quite accur&ely “by the following approximate
expressions:

B1= —Be q*lq*D K5k
1

q“ 1—Klk——
q*D

&=–B, ‘“’q: ~+K:;
1–— –

Q. q*D

B,= –B, q“lq”D(~+~jk -
1–+ – -

!?D

B4=–B6 ~ &
q l—K*k ‘

i–—
q*D

B,= –B&

(A32a)

(A32b)

(A32c)

(A32d)

(A32e)

whare the factors & to K7 depend an the aileron span, the

(A27c) taper ratio, and the spanwise variation of the bending and
‘torsion stiilnwaes. The faci+r K9 is independent of the
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aileron span, and the factor&is independent of the stiffness

variation.

The following approximate formula may by obtained by

the substitutionof equations (A32) into equation (A1O):

(A33)

where the value of q at aileronrevemal is

( )qD (1–K,k) 1–Ka : d
qi?= (A34)

1+(K4+K,K3d)e +K5d+K6 ; d+K7k

With the use of the approximate
reference 2,

K,
‘*D= 1—K,k

equation (A34) becomes

formula presented in

,. (A35)

!7*B= “(’-K+d) (A36)
1+(K,+K,KSd)c+K,d+Ku ; d+K~k ,,

The accuracy of equation (A36) compared with the results
calculated directly by the method of the preceding sectiori
is illustrated in 6gures 6 and 12.
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,(
Moment-mm mtim, c

FIGURE 12.-Comparison of dynamio premmres at aileron reversal
calculated by the analytic integration method of the appendix with
those calculated from equation (A36) for swept uniform wings with
tip ailerons. 8,*+1. o

The results of reference 2 indicate that the damping-in-roll
derivative may be expressed approsinmtely by

1
(z, = 0,=0—

19——
qD

and since the king-tip helix angle due to roll is

pb Cz,—. –-m
2V

(A37)

(A38)

an approximate formula “for rolling maneuverability k

%=(%).(l-:)‘ (A&)

Figure 13 shows the approximate formulas (A33) and (A39)
to be in good agreement with more wxmrately computed
values. (Actually, a slightly more accurate method of
e&mating Cl= is given in ref. 2 but the simpler exprcasion
given here is comparable in accuracy to the e~ression for

3
I I I I

— Motrix method

—— Eq (A33) k=8, - -...
2

I I

G, 11
/1 I

-’80 , I I

I
I 4

3 I I 1

\
, 1 I i 1

..4:-8 d. 0.75 A=OX k= 8, d. 0.75 ... /
pb 2 w — — — - * — — — - ~

~ \
/ ‘

()

Pb \ \ \ /
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\
— Matrixmethod / \ \
—- Eq, (A39) /

.
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I I I \
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FIGURE13.—Compdaon of rolling power and rolling maneuverability
calculated by the mati method of the appendix with them oal-
cuktad by equations (A33) and (A39) for uniform wlnga. .u*=O.5;
●= 1.0.
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01,, rmd its simplicity facilitates its application to the esti-
mation of the rolling maneuverability.)

An approximate expression for the structural twist due
to aileron deflection similaz to the expressions for the struc-
tural twists due to geometrical angles of attack given in
reference 2 has been deduced horn the results of the analysis
in the preceding section:

a q/qD (KN +-KM j.—&k A j._— (A40)
=—1.3 1–K,k

qD
●

where j= and Aj= are functions of the spamvise coordinai%
s*, the wing chord and stiffness variations, and the aileron
span. The accuracy of equation (A40) is indicated in
figure 14.

REFERENCES

1. DIederioh,Franklin~.: Calculationof the Lateral Control of
Swept and UnsweptFlesible wings of Arbitrar~Stiffness.
NACAROP.1024,19S1.

2. Diederioh,Franklin~., andFoss,KennethA.: ChartaandApproxi-
mateFormulasfor the Estimationof AeroekstioEffectson the
Loadingof SweptandUnswept~inge. NACARep. 1140, 1953.

3. Malveetuto, Frank S., Jr., and Hoover, Dorothy M.: Lift and
Pitohing Derivatives of Thin Sweptback Tapered Wings Vlth
Streamwiee Tips and Subsonia Leading Edges at Supersonic
Speeds. NACA TN 2294, 1951.

4. Cohen, Doris: Formulas and Charte for the Supemordc Lift and
Drag of Flat SwephBaok Wings With Interacting Leading and
Trailing Edges. NACA TN 2093, 1950.

6. Harmon, Sidney M., and JeEreye, Isabella: Theoretical Lift and
Damping in Roll of Thin Wings With Arbitrary Sweep and
Taper at Supersonic Speeds. Supersonic Leading and Trailing
Edges. NACA TN 211% 1950.

& Diederibh, Franklin W.: A Plan-Form Parameter for Correlating
Certain Aerodynamic Characteristics of Swept ‘iVings. NACA
TN 2336, 1951.

7, Brmmby, J. G., Cunningham, H. J., and @rrio& I. E.: Study of
Effeots of Sweep on the Flutter of Cantilever Wings. NACA
Rep. 1014, 1951. (Supersedes NACA TN 2121.)

8, Dlederich, Franklin TV.: Calculation of the Aerodynamic Loading
of Swept and Unswept Flexible Wings of Arbitrary Stiffness.
NACA Rep. 1000, 1950.

.8, , ‘ I I I I I I I I I

4-H——++

w — .

-.4
\ .

-.8
.

ln\
\uJ

-[.2 I I I I I

.8 , I 1 I.
l’”

— Mokix method
k
8

- —— Eq. (A40) ~ — q — -
/ “

.4 A ~’

II I ]-2.6 I I I
o ! \ . I I–l Ill

I #l- 1 I

I
h I I I I I

‘k~ I
I —,

I I I
I\ ~ ~ “o

-.4

— —. __
(b)

-.8; I I I I I I I 1 1 I

“.2 .4 .6 .8 Lo
Ohensionless ciktonce olong spon, @

(a) A=O.

(b) :=$

FIGURE 14.-Comparison of angle-of-attaokratioscalculatedby the
matrixmethod of the appendixwith those calculated by equation
(A40) for uniform wings. s#=O.6; ● = 1.0.
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